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1. Let E be a subset of a metric space X. Prove that (a) E = E ′ ∪ E, (b) E is a
closed set and (c) E is the intersection of all closed sets in X containing E.

2. Let (X, d) be a discrete metric space.

(a) Suppose (an) is a convergent sequence in X. Prove that there is a N ≥ 1
such that an = am for all n,m ≥ N

(b) Prove that a subset K of X is compact if and only if K is finite.

(c) Prove that a non-empty subset E of X is connected if and only if E is
singleton.

3. (a) If f, g ∈ R[a, b], then prove that f + g ∈ R[a, b] and
∫ b

a
(f + g) =

∫ b

a
f +

∫ b

a
g.

(b) If f : [a, b] → R is a monotonic function, then prove that f ∈ R[a, b].

4. (a) Let f, g ∈ R[a, b] and g(x) ≥ 0 for all x ∈ [a, b]. Prove that there is a s ∈ R
such that

∫ b

a
fg = s

∫ b

a
g and infx∈[a,b] f(x) ≤ s ≤ supx∈[a,b] f(x).

(b) Let f :Rk → Rk be a differentiable function. Prove that f is continuous.

5. (a) Let f :Rn → Rm be a differentiable function and x, y ∈ Rn. Prove that there
is a z on the line segment joining x and y such that f(y)− f(x) = f ′(z)(y− x).

(b) Let f :Rn → R be a differentiable function and u ∈ Rn be such that ||u|| = 1.

Prove that limt→0
f(x+tu)−f(x)

t
exists and equal to

∑n
i=1 Dif(x)ui where ui is the

i-th co-ordinate of u.
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